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ATOM-PHOTON INTERACTIONS WITH RESPECT TO QUANTUM
COMPUTATION: THREE-LEVEL ATOM IN TWO-MODE FIELD
G. K. GIORGADZE AND Z. G. MELIKISHVILI
Abstract. In the paper, analysis of a quantum optical system—three-level atom in a
quantum electromagnetic field is given. Evolution operators are constructed in closed
form.
1. Introduction
In theory of computation it is known that the three-state element is most efficient for
classical computers, but its realization remained a problem for many years. The progress
was achieved in 90-ties (see [6], [7], [8]). Optimal number of states of the physical system for
the expression mod p, where p is a prime, is 3. Indeed, if we denote by Np this number, it
is known that Np = f(p)N2, where f(p) =
p
2 log2 p
, we obtain that the function
Np
N2
have the
minimum when p = 3. The necessary mathematical theory in classical many-valued logic is
given in [9].
In the quantum world the many-level systems are ordinary ones. Thus in this paper we
will consider one possible version of a quantum processor based on a many-level quantum
system.
In [10] the extension of the universal quantum logic to the multi-valued domain is consid-
ered, where the unit of memory is the qudit. Thereby it is assumed that arbitrary unitary
operators on any d-level system, where d > 2 is any number, can be decomposed into logical
gates that operate on only two levels at a time. For example, the linear ion trap quantum
computer [11] uses only two levels in each ion for computing although additional levels can
be accessed, and are typically needed, for processing and reading out the state of the ion
(see [10] and the literature cited there).
In the case when d = 3, the set of universal gates is built in the following manner.
Let us introduce the following unitary operators on C3 → C3 :
X3(φ) =

 1 0 00 1 0
0 0 eiφ

 , Z3(c0, c1, c2) =

 c0 0 −c20 −c1 c2
−c2 c2 c2

 .
It can be easily checked that X3(φ) and Z3(c0, c1, c2) act on the states |0 >, |1 >, |2 > as
X3(φ)|0 >= |0 >,X3(φ)|1 >= |1 >,X3(φ)|2 >= eiφ|2 >;
Z3(φ)|0 >= c0|0 > −c2|2 >,Z3(φ)|1 >= −c1|0 > +c2|2 >,Z3|2 >= −c2|0 > +c2|1 > +c2|2 > .
Furthermore, the gate Z3(c0, c1, c2) satisfies the following condition:
Z3(c0, c1, c2) =

 c0 0 −c20 −c1 c2
−c2 c2 c2

 (c0|0 > +c1|1 > +c2|2 >) =
= (−c2c0 + c0c2,−c2c1 + c1c2, |c0|2 + |c1|2 + |c2|2 = |2 >).
In [10] it is proved that the set of gates {X3(φ), Z3(c0, c1, c2), G2[X3(φ)], G2[Z3(c0, c)1, c2)]}
is universal for a three-level quantum system, whereG2[Y ] =
(
I 0
0 Y
)
and I is the identity
matrix.
Below is given another approach of description of quantum system which gives the sin-
gle qutrit gates, in particular, we obtain in closed form evolution operators depending on
parameters.
To appear in “Contemporary mathematics and its applications”.
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2. Atom-Photon Interactions Hamiltonian
We will build the special case Hamiltonian of a hydrogen-like atom moving and interacting
with a quantized electromagnetic field, at that using the notations of [1] and [3]. The general
form of such Hamiltonian, including the center-of-mass motion and all the modes of the
interacting field, is presented in [1]. For our purposes we consider the following conditions
on atom-photon interactions: (i) All the atom-photon interactions are the electric dipole; (ii)
Only three atomic levels are included in the interaction; (iii) Two quantized resonator modes
are interacting with this three-level system; (iv) Each of these modes interacts with only
one couple of levels; (v) So, from three possible couples of levels, only two of them interact
directly. Levels of the third couple interact only by means of an intermediate level; (vi) In
this work we permit, but do not consider the center-of-mass motion and large detuning from
resonances, which cause the state entanglement.
Let us consider atom-photon interactions Hamiltonian in the electric dipole approximation
(1) HˆrE = −℘E(R, t) = −erE(R, t),
and transform it for three-level atom interacting with two modes of quantized fields of
radiation. For these purposes previously we must discuss the following operators.
Hamiltonian for internal degrees of freedom of non-interacting atom. We con-
sider internal degrees of freedom of a three-level atom. Due to assumptions (i-vi) only two
couples of energy states are involved in interaction. In all cases the intermediate state with
energy Ei ≡ ~ωi is labeled by the state vector |i >. From other states, the state with
higher energy is named excited, denoted Ee ≡ ~ωe and labeled by the state vector |e >.
The remaining energy level is named ground level, denoted Eg ≡ ~ωg and labeled by the
state vector |g > (see Fig.1). All of them are eigenstates of the Hamiltonian Hˆatom of
non-interacting three-level atom:
(2) Hˆatom|e >= ~ωe|e >, Hˆatom|i >= ~ωi|i >, Hˆatom|g >= ~ωg|g > .
Using the completeness relation |e >< e| + |i >< i| + |g >< g| = 1, we can write the
arbitrary atomic operator Oˆ as
(3) Oˆ = 1Oˆ1 =
∑
j,j′=e,g,i
|j >< j|Oˆ|j′ >< j′|.
Utilizing (3) and the orthonormality condition < j||j′ >= δij′ for the Hamiltonian of a
three-level atom, one can easily obtain
(4) Hˆatom = (|e >< e|+ |i >< i|+ |g >< g|)Hˆatom(|e >< e|+ |i >< i|+ |g >< g|) =
Ee|e >< e|+ Ei|i >< i|+ Eg|g >< g|,
where we use (2) and above notations Ee = ~ωe, Ei = ~ωi, Eg = ~ωg. Then
|e >=

 10
0

 , < e| = (1, 0, 0), |i >=

 01
0

 , < i| = (0, 1, 0), |g >=

 00
1

 , < g| = (0, 0, 1),
Thus, the Hamiltonian (4) has the following matrix form
(5) Hˆatom = Ee

 1 0 00 0 0
0 0 0

+ Ei

 0 0 00 1 0
0 0 0

+ Eg

 0 0 00 0 0
0 0 1

 =
=

 Eg 0 00 Ei 0
0 0 Eg

 = ~

 ωe 0 00 ωi 0
0 0 ωg

 .
The dipole moment operator. Now we can use the completeness relation once more to
express the position operator rˆ in terms of energy eigenstates. As each state, wave functions
Ψj(r) of a free atom have definite parity, then the diagonal matrix elements equal zero
< j|rˆ|j >=
∫
|Ψj(r)|2rd3r = 0.
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Indeed, if the function |Ψj(r)|2 is symmetric and the operator r antisymmetric, the expres-
sion under the integral sign is antisymmetric. For the nondiagonal matrix elements we have
the following expressions
(6) e < i|rˆ|g >= e
∫
Ψ∗i (r)rΨg(r)d
3r = ℘ig,
and
e < g|rˆ|i >= e
∫
Ψ∗g(r)rΨi(r)d
3r = ℘∗ig = ℘gi.
In the same way
e < e|rˆ|i >= e
∫
Ψ∗i (r)rΨg(r)d
3r = ℘ei,
and
e < i|rˆ|e >= e
∫
Ψ∗g(r)rΨi(r)d
3r = ℘∗ei = ℘ie.
Thus, the dipole moment operator erˆ is expressed in the following manner
(7) erˆ = ℘ig|i >< g|+ ℘gi|g >< i|+ ℘ei|e >< i|+ ℘ie|i >< e|.
Note that this operator describes transitions from the ground state |g > to the intermediate
state |i >, from intermediate to the excited state |e >, and the process in reverse order back
to |g >. For verification let uss apply the operator erˆ (9) to the ground state |g > . Then
we get
erˆ|g >= ℘ig|i >< g||g > +℘gi|g >< i||g > +℘ei|e >< i||g > +℘ie|i >< e||g >= ℘ig|i > .
Similarly
erˆ|e >= ℘ig|i >< g||e > +℘gi|g >< i||e > +℘ei|e >< i||e > +℘ie|i >< e||e >= ℘ie|i >
and finally
erˆ|i >= ℘ig|i >< g||i > +℘gi|g >< i||i > +℘ei|e >< i||i > +℘ie|i >< e||g >= ℘gi|g > +℘ei|e > .
Thus, the operator
(8) σˆig ≡ |i >< g|, |i >< g| =

 01
0

 (0, 0, 1) =

 0 0 00 0 1
0 0 0

 ,
causes the atom transition from the ground to the intermediate state and can be interpreted
as a creation operator for the atom in the intermediate state |i >.
On the contrary, the operator
(9) σˆgi ≡ |g >< i|, |g >< i| =

 00
1

 (0, 1, 0) =

 0 0 00 0 0
0 1 0

 ,
annihilates the atom in the intermediate state and so represents the annihilation operator
for the intermediate state.
The operator
(10) σˆei ≡ |e >< i|, |e >< i| =

 10
0

 (0, 1, 0) =

 0 1 00 0 0
0 0 0

 ,
causes transition of the atom from the intermediate to the excited state and can be inter-
preted as a creation operator for the atom in the excited state |e >.
The operator
(11) σˆei ≡ |i >< e|, |i >< e| =

 01
0

 (1, 0, 0) =

 0 0 01 0 0
0 0 0

 ,
annihilates the atom in the excited state and so represents the annihilation operator for the
excited state. The dipole moment operator (7) is defined in accordance to the expressions
(8)-(11), of creation and annihilation operators, to be
(12) erˆ = ℘igσˆig + ℘giσˆig + ℘eiσˆei + ℘ieσˆie.
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The electric field operator. Now let us discuss two modes of radiation field. We
assume for determinacy, that the radiation field is formed in three-mirror standing wave
resonator and decompose the electric field strength in the resonator as follows
(13) Eˆ(Rˆ, t) = F0aua(Rˆ)i(aˆ− aˆ+) + F0bub(Rˆ)i(bˆ− bˆ+),
where F0j ≡
√
~Ωj
2ǫ0Vj
, j = a, b.
Here uj(Rˆ) represents the mode functions of the resonator at the position R of the atom.
Ωa and Ωb are oscillation frequencies of the field. In a classical treatment, aˆ
+, bˆ+ and aˆ,
bˆ are time dependent amplitudes. In our present treatment they are operators which obey
the commutation relations
(14) aˆaˆ+ − aˆ+aˆ = 1, bˆbˆ+ − bˆ+bˆ = 1.
With their aid the quantized field Hamiltonian can be written in the form
(15) Hˆfield = ~Ωaaˆ
+aˆ+ ~Ωbbˆ
+bˆ.
Here we neglect the zero-point energy.
Back to the interaction Hamiltonian. Now consider the Hamiltonian of electric
dipole atom-photon interactions again (1)
HˆrE = −erˆEˆ(Rˆ, t).
Substituting in this expression the expressions of the dipole moment operator erˆ (12) and
electric field operator rˆEˆ(Rˆ, t) we obtain
(16) HˆrE = −F0ai[℘igua(Rˆ)σˆig + ℘eiub(Rˆ)σˆgi](aˆ− aˆ+)−
−F0bi[℘eiub(Rˆ)σˆei + ℘eiub(Rˆ)σˆie](bˆ − bˆ+).
This expression contains the scalar product ℘u of the dipole moment and the mode function
u. As this product is a complex quantity, we represent it in the following manner
(17) ℘u = |℘u|eiϕ,
where ϕ is the phase. Substituting (17) in (16) the Hamiltonian of electric dipole atom-
photon interactions can be written in the following form
(18) HˆrE = −~F0ai[ |℘igua(Rˆ)|
~
σˆige
iϕa +
|℘eiub(Rˆ)|
~
σˆgie
−iϕa ](aˆ− aˆ+)−
−~F0bi[ |℘eiub(Rˆ)|
~
σˆeie
iϕb +
|℘eiub(Rˆ)|
~
σˆiee
−iϕb ](bˆ − bˆ+).
Introducing the Rabi frequencies
ga(R) =
|℘igua(Rˆ)|
~
F0a, gb(R) = |℘eiub(Rˆ)|
~
F0b
the interaction Hamiltonian (18) now is given by
(19) HˆrE = ~ga(Rˆ)(−i)(σˆigeiϕa + σˆgie−iϕa)(aˆ− aˆ+)+
~gb(Rˆ)(−i)(σˆeieiϕb + σˆiee−iϕb)(bˆ − bˆ+).
Introducing the difference of phases δϕ ≡ ϕa − ϕb, in the Hamiltonian (19) we obtain
(20) HˆrE = ~ga(Rˆ)(−i)(σˆigeiϕa + σˆgie−iϕa)(aˆ− aˆ+)+
~gb(Rˆ)(−i)(σˆeiei(δϕ−ϕa) + σˆiee−i(δϕ−ϕa))(bˆ − bˆ+).
In quantum mechanics only the difference of phases is important, so in (20) we can put
ϕa = pi/2 and finally obtain
(21) HˆrE = ~ga(Rˆ)(σˆig − σˆgi)(aˆ− aˆ+) + ~gb(Rˆ)(σˆeie−iδϕ − σˆieeiδϕ)(bˆ− bˆ+).
Expression (21) is the final form of the exact Hamiltonian responsible for all atom-photon
interactions between the three-level atom and two modes of electromagnetic field. Just this
Hamiltonian will be used hereinafter.
4
Total Hamiltonian. Joining up the above main results (4), (15), (21), and taking into
account, that
σˆee ≡ |e >< e|, σˆii ≡ |i >< i|, σˆgg ≡ |g >< g|,
one can build the total Hamiltonian of the whole atom-field system
(22) Hˆ =
Pˆ2
2M
+ Hˆfield + Hˆatom + HˆrE =
Pˆ2
2M
+ ~Ωaaˆ
+aˆ+ ~Ωbbˆ
+bˆ+ Eeσˆee + Eiσˆii + Egσˆgg+
+~ga(Rˆ)(σˆig − σˆgi)(aˆ− aˆ+) + ~gb(Rˆ)(σˆeie−iδϕ − σˆieeiδϕ)(bˆ − bˆ+).
This Hamiltonian includes: the operator of kinetic energy Pˆ
2
2M of the center of mass
movement; free-field Hamiltonian Hˆfield = ~Ωaaˆ
+aˆ+ ~Ωbbˆ
+bˆ; the Hamiltonian responsible
for internal states of the atom Hˆatom = Eeσˆee + Eiσˆii + Egσˆgg and interaction operator
HˆrE = ~ga(Rˆ)(σˆig − σˆgi)(aˆ − aˆ+) + ~gb(Rˆ)(σˆeie−iδϕ − σˆieeiδϕ)(bˆ − bˆ+). Connecting the
internal states with field operators aˆ− aˆ+, bˆ− bˆ+ by means of atom-field coupling constants
ga(Rˆ), ga(Rˆ).
3. Simplification of Atom-Photon Interactions Hamiltonian by Selecting the
Real Transitions (SRT) and Rotating Wave Approximation (RWA)
There are two reasons for simplification of the atom-photon interactions Hamiltonian (21)
(23) HˆrE = ~ga(Rˆ)(σˆig aˆ
+ + σˆgiaˆ− σˆig aˆ− σˆig aˆ+)+
+~gb(Rˆ)(σˆei bˆ
+eiδϕ − σˆie bˆe−iδϕ − σˆie bˆeiδϕ − σˆie bˆ+e−iδϕ).
Namely, it amounts to confining our analysis to real transitions in which a photon is emitted
while the atom goes from its upper state to its lower state, or a photon is absorbed while the
atom goes from its lower state to its upper state. The second reason is mathematical and is
connected with the averaging procedure – neglecting the fast oscillating terms. Hereinafter
we will use the interaction representation (Dirac representation) which is defined by the
internal atomic states and the free-field states and under these assumptions we may reduce
the Hamiltonian (23) to the form which is called Rotating Wave Approximation (RWA).
In a three-level system the simplification procedure of interaction Hamiltonian should
be carried out separately for each transition scheme. Thus, first of all let us consider these
transition schemes. In the three-level atom due to (i)-(v) of section 2 there are three different
configurations possible for transitions between the three levels depending upon the position
of the intermediate level |i >. Those are shown in Fig. 1 along with the allowed transitions.
In the configuration of the first diagrams in Fig. 1, the energy of |i > is intermediate between
the energies of the other two levels. It is called the ladder configuration. Notation ’L’ stands
for this configuration. The energy of |i > in the Λ or Raman configuration is higher than
that of the other two levels (second diagram in Fig. 1) whereas the level |i > in the V-system
is below the other two levels (third diagram in Fig. 1).
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 Figure 1. Three configuration of the three level atom in a two-mode
field each acting on only one transition.
3.1. Simplification for L-configuration - SRT. Selection of real transitions. The
terms σˆgiaˆ, σˆig aˆ
+, σˆie bˆ and σˆeibˆ
+, in the interaction Hamiltonian (23) lead to the violation
of the energy conservation law. Indeed, note that the operators σˆgiaˆ and σˆie bˆ, annihilate the
excited atom (in |i > and |e >) and simultaneously annihilate the field excitation (Fig. 2c).
In the same manner operators σˆig aˆ
+ and σˆeibˆ
+ create the field excitation while the atom is
annihilated in |g > (|i >) and created in |i > (|e >) states (Fig. 2d).
 
Figure 2.
On the contrary, the operators σˆgiaˆ
+, σˆie bˆ
+ and σˆig aˆ
+, σˆei bˆ either annihilate the excita-
tion (|i > or |e >) while creating the field excitation (Fig. 2b), or create the excited atom
(in |i > or |e >) while annihilating the field excitation (Fig. 2a).
Under the assumptions of real transitions, neglecting the operators σˆgiaˆ, σˆie bˆ, σˆig aˆ
+,
σˆie bˆ
+, we may reduce the Hamiltonian (23) to the form
(24) HˆL
rE
∼= HˆLint = ~ga(Rˆ)(σˆgiaˆ+ + σˆig aˆ) + ~gb(Rˆ)(σˆie bˆ+eiδϕ + σˆei bˆe−iδϕ).
3.2. Simplification for Λ-configuration. Selection of real transitions. For this con-
figuration the operators σˆgiaˆ, σˆig aˆ
+, σˆie bˆ
+, σˆei bˆ of the interaction Hamiltonian lead to the
violation of the energy conservation law (see Fig.1 and Fig. 3c,d). Thus, neglecting these
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terms in the interaction Hamiltonian (23) and keeping σˆgiaˆ
+, σˆig aˆ, σˆiebˆ and σˆei bˆ
+, and (Fig.
3a,b), we may reduce the Hamiltonian (23) to the form
 
Figure 3.
(25) HˆΛ
rE
∼= HˆLint = ~ga(Rˆ)(σˆgiaˆ+ + σˆig aˆ)− ~gb(Rˆ)(σˆie bˆ+eiδϕ + σˆei bˆe−iδϕ).
3.3. Simplification for V-configuration. Selection of real transitions. For this con-
figuration the operators σˆgiaˆ
+, σˆig aˆ, σˆiebˆ, and σˆei bˆ
+, of the interaction Hamiltonian lead
to the violation of the energy conservation law (see Fig.1 and Fig. 4c,d). Thus, neglecting
these terms in the interaction Hamiltonian (23) and keeping σˆgiaˆ, σˆig aˆ, σˆiebˆ, and σˆei bˆ, and
(Fig. 4a,b), we may reduce the Hamiltonian (23) to the form
 
Figure 4.
(26) HˆΛ
rE
∼= HˆVint = −~ga(Rˆ)(σˆgiaˆ+ + σˆig aˆ) + ~gb(Rˆ)(σˆie bˆ+eiδϕ + σˆeibˆe−iδϕ).
3.4. Interaction representation. Further simplification of the atom-photon interaction
hamiltonians (21)-(26) takes place in the interaction representation, where we can use the
averaging procedure by fast oscillations. To accomplish this representation we should rep-
resent the total Hamiltonian of the whole atom-field system (see (22))
Hˆ =
Pˆ2
2M
+ Hˆfield + Hˆatom + HˆrE =
Pˆ2
2M
+ Hˆ0 + ~ga(Rˆ)(σˆig − σˆgi)(aˆ− aˆ+) + ~gb(Rˆ)(σˆeieiδϕ − σˆiee−iδϕ(bˆ− bˆ+).
by the internal states of the atom and free-field states. Here
Hˆ0 = Hˆfild + Hˆatom = ~Ωaaˆ
+aˆ+ ~Ωbbˆ
+bˆ+ Eeσˆee + Eiσˆii + Egσˆgg,
or
(27) Hˆ0 = ~Ωaaˆ
+aˆ+ ~Ωbbˆ
+bˆ+ ~

 ωe 0 00 ωi 0
0 0 ωg


denotes the sum of free-field Hˆfield and free atom Hˆatom Hamiltonians.
Now, defining the state vector in the interaction representation |Φ(I)(t) > via
(28) |Φ(t) >≡ exp[− i
~
Hˆ0t]|Φ(I)(t) >
7
and substituting (28), containing the state vector |Φ(I)(t) > in the interaction representation,
in the Schro¨dinger equation
i~
d|Φ(I)(t) >
dt
= (
Pˆ2
2M
+ Hˆ0 + HˆrE)|Φ(t) > .
We receive
i~
d|Φ(I)(t) >
dt
= (
Pˆ2
2M
+ HˆI
rE
)|Φ(t) >,
where
(29) Hˆ
(I)
rE
≡ exp[ i
~
Hˆ0t]HˆrE exp[− i
~
Hˆ0t]
is the interaction Hamiltonian in the interaction picture. Note, that by reason of (vi) of
section 2, we do not include the kinetic energy operator (corresponding to the center of
mass movement) in above transformations. Now, let us obtain the exact expression for
the interaction Hamiltonian Hˆ
(I)
rE
. Substituting Hˆ0 (27) into the expression (29), under
conditions, that the field and atom operators commute with each other we obtain
(30) Hˆ
(I)
rE
= ~ga(Rˆ)e
i
~
Hˆatomt(σˆig − σˆgi)e− i~ HˆatomteiΩaaˆ
+aˆt(aˆ− aˆ+)e−iΩaaˆ+aˆt
+~ga(Rˆ)e
i
~
Hˆatomt(σˆeie
−iδϕ − σˆieeiδϕ)e− i~ HˆatomteiΩb bˆ
+bˆt(bˆ − bˆ+)e−iΩb bˆ+bˆt.
At first consider the part containing the atom operators. As the matrix corresponding to
Hˆatom is diagonal (see (5), (27)), then we obtain the following expression
(31) exp(
i
~
Hˆatomt) =

 e
iωet 0 0
0 eiωit 0
0 0 eiωgt

 .
Utilizing (30) in (31) with the aid of (8) one can easily obtain that
exp(
i
~
Hˆatomt)σˆigexp(− i
~
Hˆatomt)σˆig =
= σˆige
i(ωi−ωg)t
In the same way, taking into account (9), (10) and (11)
exp(
i
~
Hˆatomt)σˆgiexp(− i
~
Hˆatomt)σˆig = σˆgie
−i(ωi−ωg)t,
exp(
i
~
Hˆatomt)σˆeie
−iδϕexp(− i
~
Hˆatomt) = σˆeie
i(ωe−ωi)te−iδϕ,
exp(
i
~
Hˆatomt)σˆiee
iδϕexp(− i
~
Hˆatomt)σˆig = σˆige
−i(ωe−ωi)teiδϕ.
Thus, the atomic part of the interaction hamiltonian (30) is expressed in the following form
(32) e
i
~
Hˆatomt(σˆig − σˆgi)e− i~ Hˆatomt + e i~ Hˆatomt(σˆeie−iδϕ − σˆieeiδϕ)e− i~ Hˆatomt =
= σˆige
i(ωi−ωg)t− σˆgie−i(ωi−ωg)t + σˆeiei(ωe−ωi)te−iδϕ − σˆeie−i(ωe−ωi)teiδϕ.
Now let us calculate the field operators. The time dependence of the operators in the
interaction representation is determined by the Heisenberg equations of motion
(33)
d
dt
fˆ =
i
~
[Hˆfield, fˆ ] ≡ i
~
(Hˆfiledfˆ − fˆ Hˆfiled),
where fˆ stands for aˆ, aˆ+, bˆ and bˆ. Inserting Hˆfield (15) in (33) we obtain
(34)
d
dt
fˆ =
i
~
Ω(fˆ+fˆ fˆ − fˆ fˆ+fˆ).
Because of the commutation relation (14) the equation (34) is transformed into
(35)
d
dt
fˆ = −iΩfˆ+.
In the same manner
(36)
d
dt
fˆ+ = iΩfˆ+.
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So the time dependance of field operators is defined from (35) and (36) and are equal
(37) aˆ(t) = aˆ(0)e−iΩat, aˆ(t)+ = aˆ+(0)eiΩat, bˆ(t) = bˆ(0)e−iΩbt, bˆ(t)+ = bˆ+(0)eiΩbt,
Thus, by substituting (32) and (37) into the expression (30) we obtain the atom-photon
interactions Hamiltonian in the interaction representation
Hˆ
(I)
rE
= ~ga(Rˆ)[σˆige
i(ωi−ωg)t − σˆgie−i(ωi−ωg)t](aˆe−iΩat − aˆ+eΩat)+
+~ga(Rˆ)[σˆeie
i(ωe−ωi)te−iδϕ − σˆiee−i(ωe−ωi)teiδϕ](bˆe−iΩbt − bˆ+eΩbt).
Introduce the following notation
(38) ωi − ωj = ωij .
Taking into account (38) the Hamiltonian is given by the following expression
Hˆ
(I)
rE
= ~ga(Rˆ)[σˆige
iωigt − σˆgie−iωigt](aˆe−iΩat − aˆ+eiΩat)+
+~gb(Rˆ)[σˆeie
iωeiteiδϕ − σˆiee−iωeit](bˆe−iΩbt − bˆ+eiΩbt),
or
(39)
Hˆ
(I)
rE
= ~ga(Rˆ)(σˆgiaˆ
+ei(Ωa−ωig)t+σˆig aˆe
−i(Ωa−ωig)t−σˆgiaˆe−i(Ωa+ωig)t−e−iδϕσˆig aˆ+ei(Ωa+ωig)t+
+~gb(Rˆ)(σˆie bˆ
+ei(Ωb−ωei)t+iδϕ+σˆeibˆe
−i(Ωb−ωei)t−iδϕ−σˆiebˆe−i(Ωb+ωei)t+iδϕ−σˆeibˆ+ei(Ωb+ωei)t−iδϕ.
Further transformations require choosing particular transition scheme (Fig. 1).
L-configuration. For this configuration (Fig.1)
(40) ωg < ωi < ωe ⇒ ωig > 0, ωei > 0.
After introducing notations
∆a ≡ Ωa − ωig
and
∆b ≡ Ωb − ωei.
from (39) and (40) we obtain the interaction Hamiltonian for L-configuration Hˆ
(I,L)
rE
Hˆ
(I,L)
rE
= ~ga(Rˆ)(σˆgiaˆ
+ei∆at + σˆig aˆe
−i∆at − σˆgiaˆe−i(Ωa+ωig)t − σˆig aˆ+ei(Ωa+ωig)t)+
+~gb(Rˆ)(σˆie bˆ
+ei∆bt+iδϕ + σˆei bˆe
−i∆bt−iδϕ − σˆie bˆe−i(Ωb+ωei)t+iδϕ − σˆeibˆ+ei(Ωb+ωei)t−iδϕ).
It is easy to see that operators σˆgiaˆ, σˆig aˆ
+, σˆie bˆ and σˆ
+
eibˆ
+ leading to the violation of energy
conservation law are multiplied by factors containing the sums of field oscillating and atom
transitions frequencies. Contrary, operators σˆgiaˆ
+, σˆig aˆ, σˆie bˆ
+ and σˆeibˆ are multiplied by
factors containing the differences (detuning) of aforementioned frequencies ∆ ≡ Ω−ω. So in
the interaction Hamiltonian we have two groups of terms. The terms of the first group oscil-
late approximately with double optical frequencies and their contribution in the Schro¨dinger
equation is vanishingly small. The terms of another group oscillate with detuning frequen-
cies ∆, and vary slowly. So their contribution in the Schro¨dinger equation is significant.
These terms are σˆgiaˆ
+, σˆig aˆ, σˆie bˆ
+ and σˆei bˆ. So utilize the averaging procedure - neglecting
the fast oscillating terms such as σˆgiaˆ, σˆig aˆ
+, σˆie bˆ and σˆeibˆ
+ the interaction Hamiltonian
reduces to the following form
Hˆ
(I,L)
rE
∼= HˆLint = ~ga(σˆgiaˆ+ei∆at + σˆig aˆe−i∆at) + ~gb(σˆei bˆ+ei∆bt+iδϕ + σˆeibˆe−i∆bt−iδϕ).
It is also possible to strongly validate given approach by the mathematical averaging, con-
trary to heuristic averaging used above. Also the high order contributions can be calculated
in this case.
Λ-configuration. For this configuration (Fig.1)
ωg < ωi < ωe ⇒ ωig > 0, ωei < 0.
After introducing notations
∆a ≡ Ωa − ωig
and
∆b ≡ Ωb − ωie,
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we obtain the interaction Hamiltonian for Λ-configuration Hˆ
(I,Λ)
rE
in the interaction repre-
sentation
(41) Hˆ
(I,Λ)
rE
= ~ga(Rˆ)(σˆgiaˆe
i∆at + σˆig aˆe
−i∆at − σˆgiaˆe−i(Ωa+ωig)t − σˆig aˆ+ei(Ωa+ωig)t)+
+~gb(Rˆ)(σˆie bˆ
+ei(Ωb+ωie)t+iδϕ + σˆei bˆe
−i∆bt+iδϕ − σˆeibˆei∆bt+iδϕ − σˆei bˆ+ei∆bt−iδϕ).
Averaging (41) by fast oscillations leads to
Hˆ
(I,Λ)
rE
∼= HˆΛint = ~ga(σˆ−giaˆ+ei∆at + σˆgiaˆe−i∆at) + ~gb(σˆ−ie bˆ+e−i∆bt+iδϕ + σˆeibˆei∆bt−iδϕ).
V -configuration. For this configuration (Fig.1)
ωg < ωi < ωe ⇒ ωig < 0, ωei > 0.
After introducing notations
∆a ≡ Ωa − ωgi
and
∆b ≡ Ωb − ωei,
we obtain the interaction Hamiltonian for V -configuration Hˆ
(I,V )
rE
in the interaction repre-
sentation
(42) Hˆ
(I,Λ)
rE
= ~ga(Rˆ)(σˆgiaˆ
+ei(Ωa+ωgi)t + σˆig aˆe
−i(Ωa+ωgi)t − σˆgiaˆe−i∆at − σˆig aˆ+ei∆at+
+~gb(Rˆ)(σˆie bˆ
+ei∆bt+iδϕ + σˆei bˆe
−i∆bt−iδϕ − σˆie bˆe−i(Ωb+ωei)t+iδϕ − σˆeibˆ+e−i(Ωb+ωei)t−iδϕ).
Neglecting in (42) fast oscillating terms we have
Hˆ
(I,V )
rE
∼= HˆVint = −~ga(σˆgiaˆe−i∆at + σˆgiaˆ+ei∆at) + ~gb(σˆie bˆ+ei∆bt+iδϕ + σˆei bˆe−i∆bt−iδϕ).
Therefore, in this section we have shown that in the RWA three-level atom interacting
with two modes of standing wave resonator, in the interaction representation is described
by the following Hamiltonians
L-configuration
(43)
Hˆ
(I,L)
rE
∼= HˆLint = ~ga(σˆgiaˆ+e−i∆at + σˆig aˆe−i∆at) + ~gb(σˆie bˆ+ei∆bt+iδϕ + σˆeibˆe−i∆bt−iδϕ).
Λ-configuration
(44) Hˆ
(I,Λ)
rE
∼= HˆΛint = ~ga(σˆgiaˆ+ei∆at+ σˆig aˆe−i∆at) + ~gb(σˆie bˆe−i∆bt+iδϕ + σˆei bˆei∆
+
b
t−iδϕ).
V-configuration
(45)
Hˆ
(I,V )
rE
∼= HˆVint = −~ga(σˆgiaˆe−i∆at + σˆig aˆ+ei∆at) + ~gb(σˆie bˆ+ei∆bt+iδϕ + σˆei bˆe−i∆bt−iδϕ).
Farther we will investigate three-level model concentrated on the internal degrees of freedom
and neglecting center of mass movement.
4. The Quantum Dynamics of a Three-Level Atom
In this section we consider the internal quantum dynamics of a three-level atom in the
fields of two modes of standing wave resonator. This model is more complicated and less
studied than the well-known two-level system (see [1], [2] and references cited there). So,
consider the Schro¨dinger equation
(46) i~
d|Ψ(t) >
dt
= Hˆint|Ψ(t) >
for the state vector |Ψ > in the interaction representation, where the interaction Hamiltonian
Hˆint due to (43)-(45) contains the following terms
(47) Hˆint = Hˆ
L
int = ~ga(σˆ
−
giaˆ
+ei∆at + σˆgiaˆe
i∆at) + ~gb(σˆ
−
iebˆ
+ei∆bt+iδϕ + σˆei bˆe
−i∆bt−iδϕ),
(48) Hˆint = Hˆ
Λ
int = ~ga(σˆ
−
giaˆ
+ei∆at + σˆgiaˆe
−i∆at) + ~gb(σˆ
−
iebˆ
+e−i∆bt+iδϕ + σˆei bˆe
i∆bt−iδϕ),
(49) Hˆint = Hˆ
V
int = −~ga(σˆ−giaˆ+e−i∆at+ σˆgiaˆei∆at)+~gb(σˆ−ie bˆ+ei∆bt+iδϕ+ σˆeibˆe−i∆bt−iδϕ).
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We will study the internal dynamics of the three-level system when the interaction Hamil-
tonian becomes time independent. It is the most convenient way to obtain the time evolution
operator.
4.1. Exact resonance in three-level atom. In the case of exact resonance ∆ = 0 the
interaction Hamiltonians (47)-(49) transform into the following ones
(50) Hˆint = Hˆ
L
int = ~ga(σˆgiaˆ
+ + σˆig aˆ) + ~gb(σˆie bˆ
+eiδϕ + σˆei bˆe
−iδϕ),
(51) Hˆint = Hˆ
Λ
int = ~ga(σˆgiaˆ
+ + σˆgiaˆ)− ~gb(σˆie bˆeiδϕ + σˆeibˆ+e−iδϕ),
(52) Hˆint = Hˆ
V
int = −~ga(σˆgiaˆ+ + σˆig aˆ+) + ~gb(σˆiebˆ+eiδϕ + σˆeibˆe−iδϕ).
Now they do not contain the explicit time dependence and the Schro¨dinger equation (46)
for (50)-(52) can be integrated formally to give
|Ψ(t) >= exp(− i
~
Hˆintt)|Ψ(0) >,
where the unitary time evolution operator is defined as
(53) Uˆ(t, t0 = 0) ≡ exp(− i
~
Hˆintt)
Substituting in (53) the Hamiltonians (50)-(52), we obtain the time evolution operators for
L-, Λ- and V -configurations of a three-level atom
(54) UˆL(t, t0 = 0) = exp[−igat(σˆgiaˆ+ + σˆig aˆ)− i~gbt(σˆiebˆ+eiδϕ + σˆeibˆe−iδϕ)],
(55) UˆΛ(t, t0 = 0) = exp[−igat(σˆgiaˆ+ + σˆig aˆ)− igbt(σˆie bˆ+eiδϕ + σˆei bˆe−iδϕ)],
(56) UˆV (t, t0 = 0) = exp[igat(σˆgiaˆ
+ + σˆgiaˆ)− i~gbt(σˆie bˆ+eiδϕ + σˆeibˆe−iδϕ)].
The initial state vector
(57) |Ψ(0) ≡ |Ψfield > ⊗|Ψatom >=
∞∑
na=0
∞∑
nb=0
wnawnb [ce|e > +ci|i > +cg|g >]|n >=
∞∑
na=0
∞∑
nb=0
wnawnb

 ceci
cg

 |na > |nb >,
represents the direct product of the field state vector
(58) |Ψfield >≡
∞∑
na=0
∞∑
nb=0
wnawnb |na > |nb >
and the atom state vector
(59) |Φatom >≡ [ce|e > +ci|i > +cg|g >].
It is a convenient form for utilizing the unitary transformations of initial atom-field state
vector. So, the dynamics of a three-level atom, in the case of exact resonance, is defined by
the (54)-(56) time evolution operators. In the next section we calculate these operators and
utilize the unitary transformations important for applications of quantum computation.
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5. Calculation of the Time Evolution Operator and Unitary
Transformations
5.1. Calculation of the time evolution operator in terms of the exponential ma-
trix. Based on relations (8)-(10) let us rewrite the time evolution operators (54)-(56) in the
matrix form
(60) Uˆ (L)(t, t0 = 0) = e
−i


0 e−iδϕgbtbˆ 0
eiδϕgbtbˆ
+ 0 gataˆ
0 gataˆ
+ 0


(61) Uˆ (Λ)(t, t0 = 0) = e
−i


0 −e−iδϕgbtbˆ+ 0
−eiδϕgbtbˆ 0 gataˆ
0 gataˆ
+ 0


,
(62) Uˆ (V )(t, t0 = 0) = e
−i


0 e−iδϕgbtbˆ 0
eiδϕgbtbˆ
+ 0 −gataˆ+
0 −gataˆ 0


,
or in the general form as
Uˆ(t, t0 = 0) = e
−i


0 Bˆ 0
Bˆ+ 0 Aˆ
0 Aˆ+ 0


,
where
configurations: L Λ V
Aˆ = gataˆ gataˆ −gataˆ+
Aˆ+ = gataˆ
+ gataˆ
+ −gataˆ
Bˆ = e−iδϕgbtbˆ −eiδϕgbtbˆ+ e−iδϕgbtbˆ
Bˆ+ = eiδϕgbtbˆ
+ −e−iδϕgbtbˆ+ eiδϕgbtbˆ+
corresponding operators from (60)-(62), including the corresponding scalar factors for con-
venience.
5.2. Semiclassical approach. At the given stage we substantially simplify the situation
by means of simplifying the field operators. Right hand sides of equations (37) include only
fˆ exp iΩt type terms, which describe contribution due to free evolution of the field. On the
other hand it means that the applied fields are sufficiently intense compared with what can
be contributed by the atomic transitions. The field operators at time t may then be replaced
by their averages in the initial state [3]. We assume the fields to be in the coherent states
(the field of laser radiation) |{αn} > and |{βn} > (|α|, |β| >> 1), replace the operators aˆ
(t0 = 0) and b (t0 = 0) by α and β in (60)-(62) and receive the following
L-configuration
Uˆ (L)(t, t0 = 0) = e
−i


0 e−iδϕgβtβ 0
eiδϕgβtβ
∗ 0 gatα
0 gatα
∗ 0


,
Λ-configuration
Uˆ (Λ)(t, t0 = 0) = e
−i


0 −e−iδϕgβtβ∗ 0
−eiδϕgβtβ 0 gαtα
0 gαtα
∗ 0


,
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V -configuration
Uˆ (V )(t, t0 = 0) = e
−i


0 e−iδϕgβtβ 0
eiδϕgβtβ
∗ 0 −gαtα∗
0 −gαtα 0


.
In general we have
(63) Uˆ(t, t0 = 0) = e
−i


0 B 0
B∗ 0 A
0 A∗ 0


,
where
(64)
configurations: L Λ V
A = gαtα gαtα −gαtα∗
A∗ = gαta∗ gαta∗ −gαtα
B = e−iδϕgβtβ −e−iδϕgβtβ∗ e−iδϕgβtβ
B∗ = eiδϕgβtβ∗ −e−iδϕgβtβ∗ eiδϕgβtβ∗
The exponential matrix (63) can be calculated to give
(65)
Uˆ(t, t0 = 0) =


AA∗+BB∗cos(
√
BB∗+AA∗)
BB∗+AA∗ − iBsin(
√
BB∗+AA∗)√
BB∗+AA∗
−BA(cos(
√
BB∗+AA∗)−1)
BB∗+AA∗
− iB∗sin(
√
BB∗+AA∗)√
BB∗+AA∗
cos(
√
BB∗ +AA∗) − iAsin(
√
BB∗+AA∗)√
BB∗+AA∗
A∗B∗(cos(
√
BB∗+AA∗)−1)
BB∗+AA∗ − iA
∗sin(
√
BB∗+AA∗)√
BB∗+AA∗
BB∗+AA∗cos(
√
BB∗+AA∗)
BB∗+AA∗

,
5.3. Unitary transformations. So, we found the time evolution operator for the three-
level atom interacting with two modes of field in the coherent states. As the initial state vec-
tor is represented for the field in the arbitrary state |Ψfield >≡
∑∞
na=0
∑∞
nb=0
wnawnb |na >
|nb >, than it is essential to rewrite this state vector for two modes in coherent state. The
probability that there are na (nb) photons at the initial coherent state |α > (|β >) is given
by the Poisson distribution [4], i. e.
(66) wna =
< na >
na e−<na>
na!
, wnb =
< nb >
nb e−<nb>
nb!
,
where < n >= |α|2 (|β|2). Due to (66) we can now write the initial state of field (58) and
atom-field system (57) in more suitable form
(67) |Ψfield >≡
∞∑
na=0
∞∑
nb=0
< na >
na e−<na>
na!
< nb >
nb e−<nb>
nb!
|na > |nb >= |α > |β >,
(68) |Ψ(0) >= |Ψfield > ⊗|Ψatom >=
=
∞∑
na=0
∞∑
nb=0
< na >
na e−<na>
na!
< nb >
nb e−<nb>
nb!
[ce|e > +ci|i > +cg|g >]|na > |nb >=
=
∞∑
na=0
∞∑
nb=0
< na >
na e−<na>
na!
< nb >
nb e−<nb>
nb!

 ceci
cg

 |aa > |nb >=
= [ce|e > +ci|i > +cg|g >]|α > |β >=

 ceci
cg

 |α > |β > .
Now applying (65) to (68) we obtain the total state vector |Ψ(t) > of a three-level atom in
the coherent field of two modes for arbitrary time t > t0 = 0
(69)
|Ψ(t) >= Uˆ(t, t0 = 0)[ce|e > +ci|i > +cg|g >]|α > |β >= Uˆ(t, t0 = 0)

 ceci
cg

 |α > |β > .
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5.4. Unitary transformations for L-configuration. For L-configuration (59), (69) gives
|Ψ(t) >= Uˆ (L)(t, t0 = 0)[ce|e > +ci|i > +cg|g >]|α > |β >= Uˆ (L)(t, t0 = 0)

 ceci
cg

 |α > |β > .
and due to (65) and (64) we obtain
Uˆ (L)(t, t0 = 0) =
1
g2a|α|2 + g2b |β|2
×



 g
2
a|α|2 0 −e−iδϕgagbβα
0 0 0
−eiδϕgagbβ∗α∗ 0 g2b |β|2

+
+cos(t
√
g2a|α|2 + g2b |β|2)

 g
2
b |β|2 0 e−iδϕgagbβα
0 g2aα
2 + g2bβ
2 0
eiδϕgagbβ
∗α∗ 0 g2a|α|2

−
−sin(t
√
g2a|α|2 + g2b |β|2)

 0 e
−iδϕgbβ 0
eiδϕgbβ
∗ 0 gaα
0 gaα
∗ 0



 .
Thus, from the time evolution operator one can extract three formal parts: time indepen-
dent, time dependent as cos(Gt) and time dependent as sin(Gt). For the unitary operator
Uˆ (L)(t, t0 = 0) an initial moment t = 0 we obtain
(70) ˆU (L)(t = 0) =

 1 0 00 1 0
0 0 1


and
(71) Ψ(t = 0) =

 ce(0)|α > |β >ci(0)|α > |β >
cg(0)|α > |β >


or
(72) Ψ(t = 0) = ce(0)|e, α, β > +ci(0)|i, α, β > +cg|g, α, β >,
where the following notations are introduced |e > |α > |β >≡ |e, α, β >, |i > |α > |β >≡
|i, α, β > and |g > |α > |β >≡ |g, α, β > . (70)-(72) confirm the main feature of the
interaction representation, that in the absence of interaction the state vectors do not change
[5].
6. Probability Amplitude Method
In this section, we present a different but equivalent method to solve for the evolution of
the atom-field system described in interaction picture
(73) i~
d|Ψ(t) >
dt
= Hˆint|Ψ(t) >
and based on the solutions of the probability amplitudes. The atom-field system is described
by the interaction Hamiltonian (39)
(74) Hˆ
(I)
rE
= ~ga(σˆgiaˆ
+ei(Ωa−ωig)t+ σˆig aˆe
−i(Ωa−ωig)t− σˆgiaˆe−i(Ωa+ωig)t+ σˆig aˆ+ei(Ωa+ωig)t+
+~gb(σˆie bˆ
+ei(Ωb−ωei)t+iδϕ+σˆei bˆe
−i(Ωb−ωei)t−iδϕ−σˆie bˆe−i(Ωb+ωei)t+iδϕ−σˆei bˆ+ei(Ωb+ωei)t−iδϕ.
where the RWA should be utilized. Further calculations are based on amplitude method of
QED [4] and are very similar for different configurations. So we perform the calculations
only for L-configuration and then present the final result for all of them.
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6.1. L-Configuration. In the RWA, the Hamiltonian (74), due to configuration (see Fig.
1), transforms into the ((47)-(49)) interaction operators. Especially for L-configuration
(75) Hˆint = Hˆ
L
int = ~ga(σˆgiaˆ
+ei∆at + σˆig aˆe
−i∆at) + ~gb(σˆie bˆ
+ei∆bt+iδϕ + σˆeibˆe
−i∆bt−iδϕ).
In the exact resonances case (∆ = 0 ) (75) transforms into
(76) HˆLint = ~ga(σˆgiaˆ
+ + σˆig aˆ) + ~gb(σˆie bˆ
+eiδϕ + σˆei bˆe
−iδϕ).
Now acting on the wave vector |e, na, nb > by the operator (76) step by step we obtain
(77) HˆLint|e, na, nb >= ~gbeiδϕ
√
nb + 1|e, na, nb >,
(78) HˆLint|e, na, nb + 1 >= ~ga
√
na + 1|g, na + 1, nb + 1 > +~gbe−iδϕ
√
nb + 1|e, na, nb >,
(79) HˆLint|g, na + 1, nb + 1 >= ~ga
√
na + 1|i, na, nb + 1 >,
where na and nb represent the number of ~Ωa and ~Ωb photons. From (79) it is also easy
to see that for na = 0 and for arbitrary nb (let us nb + 1 = m)
(80) HˆLint|g, 0,m >= 0.
Now with the aid of obtained amplitudes (77)-(80) one proceeds to solve the equation of
motion (73) for state vector of total system |Ψ(t) > , i. e.,
(81) |Ψ(t) >=
∞∑
na=0,nb=0
Ψe,na,nb(t)|e, na, nb > +Ψi,na,nb+1(t)|i, na, nb + 1 > +
+Ψg,na+1,nb+1(t)|g, na + 1, nb + 1 > +Ψg,0,m(t)|g, 0,m >
Now substitute (81) in (73) and then projecting the resulting equations onto < e, na, nb|,
< i, na, nb+1|,< g, na+1, nb+1|, < g, 0,m| we can obtain the following system of equations:
(82) Ψ˙e,na,nb(t) = −igbe−iδϕ
√
nb + 1Ψi,na,nb+1(t),
(83) Ψ˙i,na,nb+1(t) = −igbeiδϕ
√
nb + 1Ψe,na,nb(t)− iga
√
na + 1Ψg,na+1,nb+1(t),
(84) Ψ˙g,na+1,nb+1(t) = −igaeiδϕ
√
na + 1Ψi,na,nb+1(t),
(85) Ψ˙g,0,m(t) = 0.
To solve the system of equations (82)-(84) we should define the initial conditions first.
Under initial conditions the state vector has the following form (see (67))
|Ψ(t = 0) >= |Ψatom ⊗ |Ψfield >≡ [ce|e > +ci|i > +cg|g >]⊗
∞∑
na=0
∞∑
nb=0
wnawnb |na > |nb >,
or in notations of (81)
(86) |Ψ(t = 0) >=
∞∑
na,nb=0
[wna,nbce|e, na, nb > +wna,nb+1ci|i, na, nb + 1 > +
+wna+1,nb+1cg|g, na + 1, nb + 1 >] + w0,mcg|g, 0,m >
where wna,nb = wnawnb .
Comparing (81) for t = 0 and (86) we obtain the initial conditions
(87) Ψe,na,nb(t = 0) = wna,nbce,
(88) Ψi,na,nb+1(t = 0) = wna,nb+1ci,
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(89) Ψg,na+1,nb+1(t = 0) = wna+1,nb+1cg,
(90) Ψg,0,m(t = 0) = Ψg,0,m(t = 0) = w0,mcg.
Now, let us solve the system of equations (82)-(84) under initial conditions defined by (87)-
(90). Multiplying (82)-(84) by e−st and using the Laplace transformation of the probability
amplitudes the system of equations transforms to the following:
(91) e−stΨ˙e,na,nb(t) = −igb
√
nb + 1e
−ste−iδϕΨi,na,nb+1(t),
(92) e−stΨ˙i,na,nb+1(t) = −igb
√
nb + 1e
−steiδϕ − igae−st
√
na + 1Ψg,na+1,nb+1(t),
(93) e−stΨ˙e,na,nb(t) = −igb
√
na + 1e
−stΨi,na,nb+1(t).
Now integrating (91)-(93) by t we obtain
sΨe,na,nb(s) + igbe
−iδϕ√nb + 1Ψe,na,nb+1(s) = Ψe,na,nb(t = 0),
igbe
iδϕ
√
nb + 1Ψe,na,nb+1(s)+sΨe,na,nb+1(s)+igb
√
na + 1Ψg,na+1,nb+1(s) = Ψi,na,nb+1(t = 0),
iga
√
na + 1Ψi,na,nb+1(s) + sΨg,na+1,nb+1(s) = Ψg,na+1,nb+1(t = 0).
Here Ψ(s) =
∫∞
0 Ψ(t)e
−stdt is the Laplace transform of Ψ(t). This system of equations we
also can write in the following matrix form:
U

 Ψe,na,nb(s)Ψi,na,nb+1(s)
Ψg,na+1,nb+1(s)

 =

 wna,nbcewna,nb+1ci
wna+1,nb+1cg

 ,
where
U =

 s igae
−iδϕ√nb + 1 0
igbe
iδϕ
√
nb + 1 s iga
√
na + 1
0 iga
√
na + 1 s

 .
Now if we invoke the inverse Laplace transform we obtain the following expression for
probability amplitudes
(94)

 Ψe,na,nb(t)Ψi,na,nb+1(t)
Ψg,na+1,nb+1(t)

 = 1
2pii
∫
C
estU−1(s)ds

 wna,nbcewna,nb+1ci
wna+1,nb+1cg

 ,
where
U−1 =
1
s(s+ iλ)(1 − iλ)×

 s
2 + g2a(na + 1) −isgae−iδϕ
√
nb + 1 −gbe−iδϕ
√
nb + 1ga
√
na + 1
−isgae−iδϕ
√
nb + 1 s
2 −isga
√
na + 1
−gbe−iδϕ
√
nb + 1ga
√
na + 1 i− isga
√
na + 1 s
2 + g2a(na + 1)

 ,
and λ =
√
g2a(na + 1) + g
2
b (nb + 1). The poles of (94) coincide with roots of the determinant
U and equal 0, iλ,−iλ. From this, due to the Cauchy second integral theorem it follows
Ψe,na,nb(t) =
{[
cos(λt) +
g2a
λ2
(na + 1)(1− cos(λt))
]
Ψi,na,nb+1(0)−
[
i
gb
λ
e−iδϕ
√
nb + 1sin(λt)
]
Ψi,na,nb+1(0)−
−
[gbga
λ2
e−iδϕ
√
nb + 1
√
na + 1(1 − cos(λt))
]
Ψg,na+1,nb+1(0)
}
,
Ψe,na,nb+1(t) =
{[ga
λ
eiδϕ
√
nb + 1sin(λt)
]
Ψe,na,nb(0) + cos(λt)
]
Ψi,na,nb+1(0)−
−
[
i
gb
λ
√
na + 1sin(λt)
]
Ψg,na+1,nb+1(0)
}
,
Ψe,na,nb(t) =
{[
gbga
λ2n
e−iδϕ
√
nb + 1
√
na + 1(1− cos(λt))
]
Ψi,na,nb(0)−
[
i
ga
λ
√
na + 1sin(λt)
]
Ψi,na,nb+1(0)−
−
[
cos(λt) +
g2a
λ2n
(nb + 1)(1− cos(λt))
]
Ψg,na+1,nb+1(0)
}
.
Amplitudes for the configurations Λ and V are obtained in similar manner.
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The evolution operator 
 u11(t) u12(t) u13(t)u21(t) u22(t) u23(t)
u31(t) u32(t) u33(t)


for the L,Λ, V configurations has the following form:
L-configuration, λ =
√
g2a(na + 1) + g
2
b (nb + 1).
uL11(t) = cos(λt) +
g2a
λ2
(na + 1)(1− cos(λt)),
uL12(t) = −i
gb
λ
e−iδϕ
√
nb + 1sin(λt),
uL13(t) =
gbga
λ2
e−iδϕ
√
nb + 1
√
na + 1(1− cos(λt)),
uL21(t) = −i
gb
λ
eiδϕ
√
nb + 1sin(λt),
uL22(t) = cos(λt),
uL23(t) = −i
gb
λ
e−iδϕ
√
na + 1sin(λt),
uL31(t) =
gbga
λ2
e−iδϕ
√
nb + 1
√
na + 1(1− cos(λt)),
uL32(t) = −i
gb
λn
e−iδϕ
√
na + 1sin(λt),
uL33(t) = cos(λt) +
g2a
λ2
(na + 1)(1− cos(λt)).
Λ-configuration, λ =
√
g2a(na + 1) + g
2
bn
2
b .
uΛ11(t) = cos(λt) +
g2a
λ2
(na + 1)(1− cos(λt)),
uΛ12(t) = i
gb
λ
e−iδϕ
√
nbsin(λt),
uΛ13(t) =
gbga
λ2
e−iδϕ
√
nb
√
na + 1(1− cos(λt)),
uΛ21(t) = i
gb
λ
eiδϕ
√
nbsin(λt),
uΛ22(t) = cos(λt),
uΛ23(t) = −i
gb
λ
√
na + 1sin(λt),
uΛ31(t) =
gbga
λ2
eiδϕ
√
nb
√
na + 1(1− cos(λt)),
uΛ32(t) = −i
ga
λ
√
na + 1sin(λt),
uΛ33(t) = cos(λt) +
g2b
λ2
nb(1− cos(λt)).
V-configuration, λ =
√
g2ana + g
2
b (nb + 1).
uV11(t) = cos(λt) +
g2a
λ2
(na)(1− cos(λt)),
uV12(t) = −i
gb
λ
e−iδϕ
√
nb + 1sin(λt),
uV13(t) =
gbga
λ2
e−iδϕ
√
nb + 1
√
na(1− cos(λt)),
uV21(t) = −i
gb
λ
eiδϕ
√
nb + 1sin(λt),
uV22(t) = cos(λt),
uV23(t) = i
ga
λ
√
nasin(λt),
uV31(t) =
gbga
λ2
eiδϕ
√
nb + 1
√
na(1− cos(λt)),
uV32(t) = i
ga
λ
√
nasin(λt),
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uV33(t) = cos(λt) +
g2b
λ2
(nb + 1)(1− cos(λt)).
Under the assumptions described above we have constructed evolution operators in ex-
plicit form. Performed analysis has shown that unlike the case of methods of semiclassical
analysis — where the atom is quantized whereas the field is classical, the completely quantum
approach shows that in the absence of fields the atom still oscillates and this must be taken
into account in quantum calculations. Moreover quantum processing may be performed on
the level of single photons.
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